Abstract: A fish-like swimming micro robot is developed using an optimised fin actuator made of giant magnetostrictive films (GMFs). The force oscillation dynamic model of a GMF cantilever with variable cross-section area is derived, and the propulsive model of the fish robot in liquid is established. A discrete variate method for optimising caudal fin configuration is proposed to optimise its propulsive force and drive efficiency under the constraints of fixed surface area and sufficient fin end strength. Both theoretical analysis and experimental results have confirmed that the optimised caudal fin configuration can generate more powerful propulsion and improved efficiency.
INTRODUCTION
Propelled by transverse body distortion, fish possess remarkable swimming capacities in water. Propulsive modes of fish are associated with high efficiency, excellent manoeuvrability and large acceleration (Webb and Weihs 1983) .
The compound motion of caudal fin comprises oscillatory and translational motions, and the oscillatory motion generates more than 90% of the overall propulsive force (Sfakiotakis et al. 1999) . A structural diagram of caudal fin is shown in Figure 1 . The magnitude of propulsive force mainly depends upon its shape parameters such as the aspect ratio K (K = B 2 /s c , where B is the span, s c is the surface area), sweepback angle β, etc. Within a certain range, a larger aspect ratio leads to less friction and higher propulsion force and drive efficiency.
Curvature of the leading edge is also a crucial factor. Incurvate leading edge is propitious to reduce suction and avoid the separation of boundary layer, resulting in increased propulsive force (Breder 1926) .
Higher fin rigidity generates larger propulsion force, but lower propulsive efficiency.
In this article, a fish-like micro swimming robot is developed using an actuator made of thin giant magnetostrictive films (GMFs) to imitate oscillatory motion of caudal fin. When exited by an alternating magnetic field, the GMF fin vibrates similarly to a caudal fin of fish to generate propulsion from the interaction between the vibrating fin and the liquid.
In order to increase the propulsion force and drive efficiency of the proposed biomimetic micro swimming robot, shape optimisation of the GMF caudal fin is conducted. Although a larger aspect ratio generates more powerful propulsion under the constraint of a certain caudal fin area, it weakens the rigidity of fin end and decreases its drive torque and deflection amplitude of the GMF, resulting in less propulsion force. Design optimisation of the fin shape is required to maximize the propulsion force and efficiency.
In this article, a force oscillation dynamic model of GMF cantilever with variable cross-section area is established, and a propulsive model of micro swimming robot in liquid is derived. On the basis of the developed models, a discrete variate method is proposed for optimising caudal fin configuration under the constraints of constant surface area and sufficient fin end strength. Simulation and experimental results have confirmed the significant improvement of the optimised GMF caudal fin in terms of propulsion and drive efficiency.
GMF CAUDAL FIN
The GMF caudal fin is double-faced and made of magnetostrictive amorphous T b0.28 D y0.72 F e1.93 and S m F e1.95 thin C Woodhead Publishing Ltd films, sputtered on the opposite sides of a layer of polyimide film substrate with a thickness of 35 µm.
When a magnetic field is applied along the longitudinal direction (along the pipe axis), T b0.28 D y0.72 F e1.93 film, a positive magnetostrictive material, expands and S m F e1.95 film, a negative magnetostrictive material, contracts. As a result, the fin deflects downwards. When an alternating magnetic field with variable frequency is applied along the longitudinal direction, the GMF fin vibrates in response to the alternating magnetic field, and propulsive force is generated by the interaction between the vibrating fin and the liquid. Cross-sectional diagram of a GMF fin is shown in Figure 2 , where H is the external alternating magnetic field applied to the fin, and δ denotes deflection of the free end of the GMF fin.
Theoretical analysis and experiments have shown that GMF fin in mode shape of the second-stage resonance frequency generates the most powerful propulsion. At the second-stage resonance frequency, vibration amplitude of a GMF fin reaches the highest value at the free end. Therefore, under the constraint of constant overall caudal fin area, relatively large free end is propitious to the increase of propulsion force, whereas the area size near the fixed end has little influence on propulsion. It is therefore predictable that the optimal configuration of a caudal fin features a large free end, similar to the shape of a caudal fish fin. Provided sufficient physical strength of a caudal fin, increasing its aspect ratio and sweepback angle can generate more powerful propulsion.
For design optimisation, it is necessary to describe the shape of GMF caudal fin mathematically. The upper leading edge of a caudal fin, as shown in Figure 3 , could be described by a polynomial
where c is a positive integer. Generally, all the coefficients may or may not be zero. However, as the objective is to maximize the aspect ratio for a given overall fin area, we suppose that only the coefficient for highest power term is not zero, that is,
where the coefficients a and b are positive. The value of b is determined by the width of the fixed end of the caudal fin. This significantly simplifies the optimisation problem under consideration. As shown in Figure 3 , where the lower leading edge b 2 (x) is symmetric to b 1 (x) with respect to the axis x. Hence, the total width of the caudal fin is b (x) = 2b 1 (x). The total length of the caudal fin is l.
The task is now to determine the fin parameters a, b, c and l to generate the most powerful propulsion and highest efficiency, under the constraint of constant surface area of the caudal fin.
Four representative caudal fin configurations with the same fin area are shown in Figure 4 , and their parameters are given in Table 1 . The dynamic relationship between the magnetic field and magnetostrictive coefficient λ is determined by interpolating experimental curves (Body et al. 1997) .
where the parameters L, e, f and g are optimised to fit experimental data. This formula is used to calculate an internal magnetostrictive stress in the film, depending on the magnetic field. For a membrane, the even stress σ m is (Honda et al. 1997 )
where E 1 is the Young's modulus of GMF; µ p , Poisson's coefficient of GMF. The minus sign in Equation (2) represents compressive stress inside the T b0.28 D y0.72 F e1.93 thin layer when it extends, and the positive sign in Equation (2) means tensile stress inside the S m F e1.95 thin layer when it contracts under the application of magnetic field along the longitudinal direction.
A classical bending theory for trimorph cantilever is applicable to the magnetostrictive thin-film cantilever, as shown in Figure 5 (a), for obtaining its disturbing drive moment by stress analysis inside a thin-film cantilever.
Assuming that a neutral layer is a section that overpasses axis x. The neutral axis can be obtained as follows (Quant and Seemann 1995) :
where z is the coordinate along the axis; E(z), Young's modulus as a function of thickness; E 1 , Young's modulus of GMF; and E 2 , Young's modulus of substrate. As indicated in Figure 5 , h is the thickness of the cantilever, the upper and the lower surfaces are located at z = nh and z = (n − 1)h, respectively (0 < n < 1). Stress distribution of the cantilever in a section a − a is shown in Figure 5 (b) when it bends. Compressive stress σ m of T b0.28 D y0.72 F e1.93 can be regarded as constant when it expands, because the thickness of a sputtered film is quite thin, and tensile stress −σ m of S m F e1.95 can also be regarded as constant when it contracts for the same reason.
Internal stress is tensile above the neutral layer, whereas internal stress below the neutral layer is compressive. The disturbing drive moment of trimorph cantilever is described as follows:
where B(x) is the width of cantilever; λ(z), strain as a function of thickness.
Dynamic model of force oscillation
For a GMF cantilever with variable cross-section area and a total length l, assuming the mass per unit length is ρ(x), stiffness k(x) in section plane is also a function of x and k(x) = E I(x). A typical differential equation for describing a beam in free vibration without any damping coefficient and alternating load can be written as (Tse et al. 1978 )
The solution of the above equation is the vibration deflection of GMF beam along its full length, which can be described in the form of infinite series about its eigenfunctions as follows: 
where q i (t) is the generalized coordinate; V i (x), eigenfunction. Using Lagrange equation and the theory of virtual work, a typical differential equation of force oscillation in terms of generalized coordinates q i (t) driven by a disturbing moment can be described by
where
where V i (x) is the first-order derivative eigenfunction; V i (x), second-order derivative eigenfunction. Steady-state solution of force oscillation in terms of generalized coordinates q i (t) is
Deflection of a GMF caudal fin
In order to conform z(x, t), the vibration deflection of GMF fin in variable section area, according to Equation (5), the eigenfunctions V i (x) have to be solved first, as the steady-state deflection of GMF itself in terms of generalized coordinates q i (t) also involves the eigenfunctions
It is difficult to obtain the analytic solutions of natural frequencies and the eigenfunctions V i (x) of a GMF fin with variable cross-sectional area. However, the Rayleigh and Ritz method is applied successfully to obtain their numerical solutions.
Based on an assumption that the eigenfunctions V i (x) corresponding to resonance frequency f i (i = 1, 2, 3) in terms of series is as follows:
where a j is undetermined coefficient; U j (x), non-linear correlated function. Characteristic values can be derived from systematical characteristic equation according to the Rayleigh and Ritz method.
where k , m are n × n symmetrical and constant matrices; ω, natural frequency of GMF fin.
where u i (x) is the second-order derivative functions in non-linear correlation under boundary conditions. Consider the boundary conditions of the fixed end of cantilever. When x = 0, both displacement and deflection angle at the fixed end are zero. Therefore, the nonlinear correlated functions under the boundary conditions can be simply written as u j (x) = x j +1 . The formulated eigenfunction V i (x) is more accurate for higher values of n, but it results in complicated calculation. Usually, n = 6 is enough to guarantee the accuracy in practical problems. Therefore, u j (x) = x j +1 ( j = 1, 2, . . . , 6). For a caudal fin with variable cross-section, the three lower order natural frequencies, f i (i = 1, 2, 3), and the three corresponding normalized eigenfunctions, V i (x) (i = 1, 2, 3), can be formulated. By introducing the three normalized eigenfunctions V i (x) into Equations (5) and (7), the deflection in steady state z(x, t) of the GMF fin can be obtained.
Let us take the three caudal fins with different configurations in Figure 4 as examples to show the calculation procedure. From Equations (8) By inserting three normalized eigenfunctions V i (x) in Equations (5) and (7), steady-state deflection z(x, t) of the GMF can be obtained.
Propulsive modelling of boimimetic swimming
Swimming trace of caudal fin of robot fish in liquid is as shown in Figure 6 . z(x, t) is the vibrating function or steady-state vibration deflection of caudal fin under excitation of alternating magnetic field. The propulsive force along x axis is (Zhang and Liu 2005a)
where ρ is density of the fluid; V n , normal speed of fin surface relative to liquid; V t , tangent speed of fin surface relative to liquid; C n , drag coefficient in normal direction; and C t , drag coefficient in tangent direction.
where V is the mean swimming speed or embroiled speed along axis; α, angle between tangent of caudal fin and axis x. For minor vibration, α = ∂z(x, t)/∂ x. The calculated propulsive forces of the four caudal fins depicted in Figure 4 are shown in Figure 7 . We find that the propulsion force alternates with time for each fin. When its mean value is positive, the propulsion force serves as a pushing force; and when the mean force is negative, it acts as a drag force. As a result, the robot swims forward with a slow speed if driven at the first-stage resonance frequency, and with a faster forward speed if driven at the secondstage resonance frequency. The robot swims backward if driven at the third-stage resonance frequency.
The mean propulsive force can be calculated as (Zhang and Liu 2005b) where V is the swimming speed of robot and S b is the section area of robot body. The crossing point between the mean propulsive force curve and drag force curve related to V is the swimming speed (Laurent and Piat 2001) . Thus, by combining the two equations of mean propulsive force and drag force, the robot swimming speed can be determined as follows:
Drag force exerted on robot body is (Laurent and Piat 2001)
F R = 1 2 C n ρ S b V 2 ,V( f ) = 2 T 0 F x ( f, t) dt TC n ρ S b .(11)
OPTIMIZATION ON SHAPE OF CAUDAL FIN
As the solutions for the eigenfunction V i (x) of GMF fin are obtained by a numerical method, it is appropriate to use a discrete variate method for optimising the caudal fin configuration.
Since the most powerful propulsion and fastest swimming speed of a GMF fin actuated robot fish occur at the second-order resonance frequency (Zhang et al. 2005b) , the equation F (2) x (X D ) of propulsion at the second-order resonance frequency described by Equation (10) is selected as the objective function, and the problem is converted to obtain optimal configuration of caudal fin to maximize the objective function F (2) x (X D ) under the constraint of constant surface area and sufficient end strength of the caudal fin.
Discrete variates optimisation
For a certain given fin surface area, smaller width of the fixed fin end makes the aspect ratio and sweepback angle larger, but weakens rigidity of the fin, resulting in less restoring force and propulsion. Therefore, the stress of GMF should not surpass its tensile strength.
Suppose a caudal fin to be optimised has the same surface area as the rectangle fin counterpart, with a surface area of S = 0.008 m × 0.045 m. Considering the feasibility of manufacturing the fin, the fixed fin end is selected to be no less than 4-mm wide, that is, b ≥ 0.002 m. For the assumed shape of caudal fin, a ≥ 0 and l ≤ 0.09 m, under the constraint of the given constant surface area. According to our simulation studies, when the highest power of the analytic shape function b 1 (x) increases from 1, the largest propulsion of the caudal fin increases significantly. However, if it is higher than 9, that is, c > 9, the largest propulsion of the caudal fin starts to decrease obviously. Therefore, we select a reasonable range of 1 ≤ c ≤ 10 for the optimisation.
Therefore, the optimisation problem is formulated as follows:
Constraint conditions: 
A gridding method is adopted to optimise the objective function. The parameter b is divided into two sections by a step length of 0.001, b ∈ [0.002, 0.004], and c into nine sections by a step length of 1, c ∈ [1, 10]. The cases of l and a are discussed in the following:
(1) When b = 0.004, c is divided into nine sections by a step length of 1, c ∈ [1, 10], and l is divided into 20 sections by a step length of 0.0012, l ∈ [0.02, 0.045]. According to the constraint condition Equation (15), a is divided into 210 dispersed points. The combination of the four parameters constitutes a four-dimensional dispersed design space, and propulsion in the design space is calculated as shown in Figure 8 , with l as the x-axis and propulsion as the y-axis.
Simulation results show that the most powerful mean propulsion force in the first group is 7.2 × 10 −5 mN, with a fin configuration determined by the parameters c = 7, l = 0.0284 m and a = 1114 039 400.
(2) When b = 0.003, c is divided into nine sections with a step length of 1, c ∈ [1, 10], and l is divided into 20 sections with a step length of 0.0015, l ∈ [0.03, 0.06]. According to the constraint condition Equation (15), a is divided into 210 dispersed points. The propulsion force in this design space is calculated as shown in Figure 9 . It was found in the simulation that the most powerful mean propulsion happens when c is between 6 and 10. Hence, the diagram shows only the results for c ∈ [6, 10].
The largest mean propulsion force in the second group is 2.3 × 10 −4 mN, achieved with parameters c = 7, l = 0.039 m and a = 94 170 241.
(3) When b = 0.002, c is divided into nine sections by a step length of 1, c ∈ [1, 10], and l is divided into 25 sections by a step length of 0.002, l ∈ [0.04, 0.09]. From Equation (15), a is divided into 260 dispersed points. The propulsion force in this design space is calculated as shown in Figure 10 , again for c ∈ [6, 10] .
Simulation shows that the largest mean propulsion in this third group is 1.2 × 10 −3 mN, achieved with the parameters c = 7, l = 0.058 m and a = 3 998 029.7 (4) When b = 0.004, the caudal fin is rectangular with a length l of 0.045 under the constraint condition of equal surface area, thus providing the least propulsion with the largest mean propulsion of 7.9 × 10 −8 mN. The above simulation results are summarized in Table 2 , where f 2 (Hz) refers to the second-order resonance frequency and F (mN) is the largest mean propulsion force. The four configurations of caudal fin are shown in Figure 11 . By comparison, it is found that the third optimised configuration generates the most powerful propulsion, which represents the best caudal fin shape, with b 3 (x) = 4.0 × 10 6 x 7 + 0.002.
Analysis on outsized caudal fin by finite element method
Stress distribution inside an optimised caudal fin is analysed using the finite element method, and the contour plot of stress is shown in Figure 12 . It is found that the highest stress of 0.11 × 10 7 Pa occurs at the end of the caudal fin, which is less than the tensile stress of polyimide, 115 Mpa, Finite element analysis on vibrating deflection of the first three mode shapes of the optimised caudal fin is also conducted, and the results are as shown Figure 13 . According to the simulated deflection diagram of the first three mode shapes and relationship between propulsion and mode shape, it is obvious that the first-order mode shape vibrates in swings, resulting in low propulsion Figure 14 The experimental set-up for robot fish: 1, ultrasonic sensor; 2, robot fish; 3, magnetic coils; 4, pipe; 5, table; 6, step motor; 7, screw; and 8, voltmeter. and drive efficiency, whereas the mode shape in second order vibrates in undulated motion with single inflexion point as fish do, resulting in high propulsion force and drive efficiency. The mode shape in third order vibrates in undulated motion with double inflexion point as fish do, resulting in reverse swimming of robot fish.
SIMULATION ON SWIMMING SPEED AND ITS VERIFICATION
On the basis of the optimisation and analysis results in the above sections, three types of fins in different configurations are selected for comparison, as listed in Table 3 , where b 1 (x) is the optimised fin shape; b 2 (x) is a selected fin shape with a power of six; and b 3 (x) is the rectangle fin shape for reference. All three fins have the same surface area. From Equation (11), the mean swimming speed for each type of selected fins is calculated with respect to driving frequency. The simulation results are shown in Figure 15 , along with experimental results.
The selected fins are experimentally tested. The experimental set-up includes a magnetic field controller, double-coil magnetic excitation system (Zhang et al. 2004) , an ultrasonic sensor system (Zhang et al. 2005a ) and a fish robot, as illustrated in Figure 14 . The pipe segment filled with liquid has a diameter of 40 mm and a length of 1500 mm. For all the three fish robots with three types of fin shape, the magnetic field excitation current is set at 0.25A, and the driving frequency is changed from 0 to 650 Hz. The mean swimming speed of each fish robot is measured by the ultrasonic sensor system, and the results are plotted in Figure 15 .
The experimental results are summarized as follows:
• Fish robot swims forward at small mean swimming speed with large sway when driven near the first-order resonance frequency, and robot swims forward at a maximum swimming speed and in good stability when driven at the second-order resonance frequency. The fish robots swim backward at small swimming speed when driven nearby the third-order resonance frequency. The results are in coincidence with previous theoretical analysis and simulation results using the finite element method.
• For the three selected fin shapes, their mean swimming speed varies significantly. The fish robot with the optimised fin swims at a much higher maximum speed compared with its rectangular counterpart. The results have demonstrated that fin shape does have great influence on swimming speed and the correctness of the optimised result.
CONCLUSIONS
In this work, a micro fish robot with optimised GMF caudal fin is developed and studied analytically and experimentally. The force oscillation dynamic model of a GMF cantilever with variable cross-sectional area is derived, and the propulsive model of the fish robot in liquid is established. By dispersing four-dimensional continuous space variables for describing the shape of caudal fin using a gridding method, dispersed four-dimensional space variables are obtained. Using the propulsion at the second-order resonance frequency as the objective function, the caudal fin shape is optimised under the constraint of constant fin area and sufficient strength of the fixed fin end. Fish robots with fins of several representative shapes are analysed and experimentally tested. Both theoretical analysis and experimental results show the effectiveness of the proposed caudal fin optimisation approach using the discrete variate method. Further research work is planned as follows:
(1) Optimisation of bi-directional model. That is, to make the largest forward swimming speed to be the same as that of backward swimming speed with high efficiency. (2) Minimization of the physical size of the fish robot. The goal is to reduce the robot dimensions to millimetre level, which is going to be a big challenge and requires study of dimensional effect and new propulsive force theory based on resonance frequency.
(3) Research on close-loop control of bi-directional swimming.
